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Dynamic Delegation of Experimentation’

By YINGNI GUO*

I study a dynamic relationship where a principal delegates experi-
mentation to an agent. Experimentation is modeled as a one-armed
bandit that yields successes following a Poisson process. Its unknown
intensity is high or low. The agent has private information, his type
being his prior belief that the intensity is high. The agent values suc-
cesses more than the principal does, so prefers more experimenta-
tion. The optimal mechanism is a cutoff rule in the belief space: the
cutoff gives pessimistic types total freedom but curtails optimistic
types’ behavior. Pessimistic types overexperiment while the most
optimistic ones underexperiment. This delegation rule is time consis-
tent. (JEL D23, D82, D83, 030)

Innovation carries great uncertainty. Firms frequently start R&D projects with
little knowledge about the likelihood of eventual success. If experimentation goes
on but no success occurs, firms grow pessimistic and reduce their resource input or
even discontinue the project altogether. In this paper, I study how to manage inno-
vation in a hierarchical organization. Specifically, I study the optimal mechanism
by which a principal (“she”) delegates experimentation to an agent (“he”), as in the
case of a firm delegating an R&D project to an employee.

The current literature on delegation focuses mainly on static problems in which
the principal determines a permissible set of actions from which the agent is to
choose. Designing this permissible set is a nontrivial task because typically the
agent has better information and is biased. On the one hand, the principal wants to
give the agent more flexibility in order to use his information; on the other, she may
wish to offer a smaller permissible set in order to limit the expression of the agent’s
bias. In this paper, I consider delegation in a dynamic environment with learning.
Unlike static delegation, the two parties learn more about the underlying state over
time. As experimentation unfolds and new information arrives, how should the prin-
cipal adjust the flexibility granted to the agent accordingly? Such a problem arises in
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many different situations when contingent transfers are severely restricted or infea-
sible. For instance, a pharmaceutical firm delegates decision rights over resource
allocation to its employee to develop a new drug, which might be more or less prof-
itable than improving on the existing ones. The headquarters delegates its divisional
manager to develop a new product which might be a success or failure. Constituents
(or government agencies) delegate decision rights to their representatives (or their
employees) to experiment with policy reforms.’

To understand how to optimally delegate experimentation, I model experimenta-
tion as a continuous-time bandit problem similar to that of Presman (1990; Keller,
Rady, and Cripps (2005); and Keller and Rady (2010). There is one unit of a per-
fectly divisible resource per unit of time and the agent continually splits the resource
between a risky project (e.g., developing a new drug) and a safe one. In any given
time interval, the safe project generates a known flow payoff proportional to the
resource allocated to it.” The risky project’s payoff depends on an unknown binary
state. In the benchmark setting, if the state is good, the risky project yields successes
at random times. The arrival rate is proportional to the resource allocated to it. If the
state is bad, the risky project yields no successes at all. (In the example of develop-
ing a new drug, the first breakthrough reveals that the new drug is superior.) After
experimentation begins, the agent’s actions and the arrivals of successes are publicly
observed.

The risky project requires resources from the firm and time from the agent. Both
prefer to allocate the resource to the risky project if and only if the state is good.
Therefore, if the state were known, there would be no conflict of interest. When the
state is unknown, however, the two parties’ preferences might differ. They both wish
to discontinue the risky project if they become pessimistic enough. However, the
agent values the risky project’s successes over the safe project’s flow payoffs more
than the principal does (due to, for instance, the high cost of the principal’s resources,
the principal’s moderate benefit from one project out of her many responsibilities, or
the agent’s career advancement as an extra benefit). Hence, the agent prefers to keep
the risky project alive for a longer time if faced with a prolonged absence of success.”

Building on his expertise, the agent has private knowledge at the outset about the
prospect of success for the risky project. Formally, the agent knows more precisely
the probability that the state is good, with his type being his prior belief of the good
state. A promising project warrants longer experimentation. If the principal wishes
to take advantage of the agent’s information, she has to give him some flexibility
over resource allocation. However, their preferences are not perfectly aligned, which
curtails the flexibility that she is willing to grant him.

The principal delegates the decision as to how the agent should allocate the
resource over time. This decision is delegated at the outset. Since the agent has
private information before experimentation, the principal offers a set of policies
from which the agent chooses his preferred one. A policy specifies how the agent
should allocate the resource in all future contingencies. The purpose of this paper is

! Other examples include a hospital delegating decision rights over resource allocation to its surgeon to test a
new procedure that might be more or less effective than the old one, and a university delegating the department chair
to experiment with a new academic program.

2This flow payoff can be interpreted as the cost saved or the payoff from conducting conventional tasks.

3 This assumption is later relaxed and the case in which the bias goes in the other direction is also studied.
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to solve for the optimal delegation rule. More specifically, it addresses the following
questions: in the absence of transfers, what instruments are used by the principal to
extract the agent’s private information? Is there delay in information acquisition?
How much of the resource allocation decision should be delegated to the agent,
and how much retained by the principal? Will some projects involve overexper-
imentation and others underexperimentation? Is the optimal delegation rule time
consistent?

Solving for the optimal delegation contract directly is difficult, since the policy
space is quite large. In particular, this is not a stopping-time problem, since the agent
is allowed not only to switch back and forth between the two projects, but also to
scale up and down the resource inputs to the projects. Possible policies include: allo-
cating the whole resource to the risky project until a fixed time and then switching
all of it to the safe project only if no success has been realized; gradually reducing
the resource input to the risky project if no success occurs and allocating the whole
resource to it after the first success; allocating the whole resource to the risky project
until the first success and then allocating only a fixed fraction to the risky project;
always allocating a fixed fraction of the unit resource to the risky project, etc. A key
observation is that any policy, in terms of payoffs, can be summarized by a pair of
numbers, corresponding to (i) the roral expected discounted resource allocated to
the risky project conditional on the state being good, and (ii) the total expected dis-
counted resource allocated to the risky project conditional on the state being bad. As
far as payoffs are concerned, this constitutes a simple, finite-dimensional summary
statistic for any given policy. The range of these summary statistics as policies are
varied is what I call the feasible set—a subset of the plane. Determining the feasible
set is a nontrivial problem in general, but it involves no incentive constraints and
therefore reduces to a standard optimization problem. This reduces the delegation
problem to a static one. Given that the resulting problem is static, I use Lagrangian
optimization methods (similar to those used by Amador, Werning, and Angeletos
2006 and Amador and Bagwell 2013) to solve for the optimal delegation rule.

Under the regularity condition that the type distribution is not too skewed toward
lower types, the optimal delegation rule takes a quite simple form. It is a cutoff
rule with a properly calibrated prior belief that the state is good. This belief is then
updated as if the agent had no private information. This belief drifts downward when
no success is observed and jumps to 1 upon the first success. It is updated in the way
the principal would if she were carrying out the experiment herself (starting at the
calibrated prior belief). The agent freely decides how to allocate the resource as long
as the updated belief remains above the cutoff. However, if this belief ever reaches
the cutoff, the agent is asked to stop experimenting. This rule turns out not to bind
for types with low enough priors, who voluntarily stop experimenting when no suc-
cess occurs, but does constrain those with high enough priors, who are required to
stop when the cutoff is reached.

Given this updating rule, the belief jumps to 1 upon the first success. Hence, in
the benchmark setting the cutoff rule can be implemented by imposing a deadline
for experimentation, under which the agent allocates the whole resource to the risky
project after the first success, but is not allowed to experiment past the deadline.
When no success occurs, those types with low enough priors stop experimenting
before the deadline, whereas a positive measure of types with high enough priors
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stops at the deadline. In equilibrium, there is no delay in information acquisition since
the risky project is operated exclusively until either the first success reveals that the
state is good or the agent stops. Within the set of high enough types who are forced
to stop when the cutoff (or the deadline) is reached, the highest subset underexper-
iment even from the principal’s point of view. Every other type overexperiments. A
prediction of my model is that the most promising projects are always terminated
too early while less promising ones are stopped too late due to the agency problem.

An important property of the cutoff rule is time consistency: after any history the
principal would not revise the cutoff rule even if she were given a chance to do so.
In particular, if, after the agent experiments for some time, no success has yet been
realized, then the principal still finds it optimal to keep the cutoff (or the deadline)
at the level set at the beginning. To understand why the cutoff rule is time consis-
tent, note that the cutoff has no impact on the low types who are not constrained by
the cutoff. These types implement their preferred policies and stop voluntarily after
some time has elapsed without a success. Given that the cutoff creates no distortions
on lower types’ behaviors, the principal chooses the cutoff by focusing only on
those high types who are constrained by the cutoff. The principal chooses the cutoff
such that she finds it optimal to stop experimenting when the cutoff becomes bind-
ing. Hence, implementing the cutoff rule requires no commitment on the principal’s
side.

I next show that both the optimality of the cutoff rule and its time consistency
generalize to situations in which the risky project generates successes in the bad
state as well but less frequently. (Take policy reforms in the public sector as an
example. The learning process is noisy in the sense that a bad policy reform gener-
ates successes as well but at a lower rate.) The arrival of successes is indicative of
the good state but is not conclusive proof of one. When successes are inconclusive,
the belief is updated differently than in the benchmark setting. It jumps up upon
successes and then drifts downward. Consequently, the cutoff rule cannot be imple-
mented by imposing a deadline. Instead, it can be implemented as a sliding deadline.
The principal initially extends some time to the agent to operate the risky project;
and, whenever a success is realized, more time is granted. The agent is free to switch
to the safe project before he uses up the time granted by the principal. But, if a long
stretch of time goes by without any further success, the agent is required to switch
to the safe project.’

I further extend the analysis to the case in which the agent gains less from the
experimentation than the principal does, and therefore tends to underexperiment.
This happens when an innovative project yields positive externalities, or when it
is important to the firm but does not widen the agent’s influence. When the agent’s
bias is small enough, the optimum can be implemented by imposing a lockup period
which is extended upon successes. Instead of placing a cap on the length of exper-
imentation as in the previous case, the principal imposes a floor. The agent has no
flexibility but to experiment before the lockup period ends, yet has full flexibility
afterward. Time consistency is no longer preserved, since whenever the agent stops
experimenting voluntarily, he reveals that the principal’s optimal experimentation

“In online Appendix B3, I show that the optimality of the cutoff rule and its time-consistent property generalizes
to Lévy bandits (Cohen and Solan 2013).
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length has yet to be reached. The principal is tempted to order the agent to experi-
ment further. Therefore to implement the sliding lockup period, commitment from
the principal is required.

These results have important implications for the practical design of delegation
rules. When the agent is perceived to gain more from a successful innovation, a
(sliding) deadline should be in place as a safeguard against abuse of the principal’s
resources. The continuation of the project is permitted only upon demonstrated suc-
cesses. On the other hand, the agent should have flexibility before the (sliding) dead-
line is reached. The (sliding) deadline rule has already seen its application in real life
scenarios. For instance, in the public sector, policymakers are better informed than
their constituents, and tend to prolong the policy experimentation since they gain
the most popularity from successful reforms they initiated. They typically are given
the flexibility over resource allocation as long as the reforms go well. However, if
a reform fails to deliver, it will be discontinued in the form of election defeat, leg-
islative repeal, or automatic expiration with a sunset provision.” By contrast, when
the agent is biased toward the safe project, the principal should impose a (sliding)
lockup period and give the agent freedom only after the (sliding) lockup period
ends. Seru (2014) finds evidence that established high-level managers in conglom-
erates are less willing to put resources in innovative projects for fear of resource
reallocation in the case of failure. The headquarters will benefit from imposing a
lockup period, forcing these established managers to run the experimentation longer
and be more innovative.

My paper contributes to the literature on delegation. This literature addresses
the incentive problems in organizations due to hidden information and misaligned
preferences. Holmstrom (1977, 1984) provides conditions for the existence of an
optimal solution to the delegation problem. He also characterizes optimal delegation
sets in a series of examples, under the restriction that, for the most part, only inter-
val delegation sets are allowed.” Melumad and Shibano (1991) are the first to fully
characterize the solution to the delegation problem with no restrictions on the del-
egation sets. They do so in a model with quadratic loss functions in which the state
is uniformly distributed and the preferred decisions are linear in the state. Alonso
and Matouschek (2008) and Amador and Bagwell (2013) characterize the optimal
delegation set in general environments under certain conditions and provide condi-
tions under which interval delegation is optimal. This paper extends the analysis to
the environment with learning, and facilitates the understanding of how to optimally
delegate experimentation.

Despite the difference in motivation and setup, I borrow numerous ideas from
Amador, Werning, and Angeletos (2006) and Amador and Bagwell (2013) to prove
the optimality of interval delegation once the problem is reduced to a static one.
Also, the condition and intuition for interval delegation to be optimal are quite

3 Another example involves funding agencies awarding grants for scholarly research. (Suppose that experi-
mentation has a flow cost. The agent is cash-constrained and his action is contractible. Delegating experimentation
means funding his research project.) Funding agencies promise to fund the research for a fixed period, and extend
the funding only upon demonstrated results. At the same time, the scholar is free to discontinue the project when-
ever he gets pessimistic enough simply by not claiming the designated fund.

SThere is a large literature that followed Holmstrom’s original work and characterized the optimal delega-
tion contract and/or its implementation in various settings. See, for instance, Athey, Atkeson, and Kehoe (2005);
Martimort and Semenov (2006); Mylovanov (2008); Armstrong and Vickers (2010); and Frankel (2014).
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similar to those in the delegation literature. I discuss the details of the relationship
with Alonso and Matouschek (2008), Amador, Werning, and Angeletos (2006), and
Amador and Bagwell (2013) in Section IVB after I present the main results.

This paper also contributes to the study of how to optimally allocate formal and
real authority within organizations. See, for example, Aghion and Tirole (1997);
Dessein (2002); and Grenadier, Malenko, and Malenko (2016). Grenadier, Malenko,
and Malenko (2016) examine a model in which a principal decides when to exercise
an option and relies on the information of an informed yet biased agent. They also
demonstrate that there is an asymmetry in results when the agent has a late versus
an early exercise bias due to the irreversibility of time.

This paper is related to the literature on experimentation in a principal-agent set-
ting with a single agent. Most papers in this literature assume transferable utili-
ties and unobservable actions. Bergemann and Hege (1998, 2005) and Horner and
Samuelson (2013) analyze dynamic moral hazard models in which the principal
and the agent learn about the value of the project over time. Halac, Kartik, and
Liu (forthcoming b) study long-term contracts for experimentation, with adverse
selection about the agent’s ability and moral hazard about his effort choice. Manso
(2011) derives an optimal contract when the agent chooses between shirking, a safe
arm, or a risky arm, and shows that the optimal contract exhibits tolerance for early
failure. Klein (forthcoming) studies how to incentivize an agent to conduct innova-
tive activities when the agent has access to a known technology that produces fake
successes. Gerardi and Maestri (2012) study optimal sequential testing in which an
agent exerts costly effort to acquire information. Both his actions and the realized
signals are unobservable.’

This paper is mostly closely related to Gomes, Gottlieb, and Maestri (2016) and
Garfagnini (2011). Gomes, Gottlieb, and Maestri (2016) study the optimal financ-
ing contract in a setting with experimentation and adverse selection. The agent’s
actions are observable, but he has private information about both the project qual-
ity and his cost of effort. Unlike my setting, their agent gains no benefit from the
project and outcome-contingent transfers are allowed. They identify necessary and
sufficient conditions under which the principal pays rents only for the agent’s infor-
mation about his cost, but not for the agent’s information about the project quality.
Garfagnini (2011) studies a dynamic delegation model with no hidden information
at the beginning. The principal cannot commit to future actions and transfers are
infeasible. Agency conflicts arise because the agent prefers to work on the project
regardless of the state. He delays information acquisition to prevent the principal
from growing pessimistic. In my model, there is precontractual hidden information;
transfers are infeasible and the principal is able to commit to long-term contract
terms; and the agent gains a direct benefit from experimentation and shares the same
preferences as the principal conditional on the state. Agency conflicts arise since

7More broadly, my paper is related to the literature on incentives for experimentation. Bolton and Harris (1999);
Keller, Rady, and Cripps (2005); Rosenberg, Solan, and Vieille (2007); Keller and Rady (2010, 2015); Strulovici
(2010); Klein and Rady (2011); and Murto and Viliméki (2011) analyze the strategic interaction among experiment-
ing agents. Bonatti and Horner (2011) study experimentation in teams with unobservable actions. Ederer (2013)
extends the setting of Manso (2011) to a setting with multiple agents, and derives the optimal contract when agents
explore different risky projects. Moroni (2016) studies the optimal contract when the principal contracts with mul-
tiple agents who work on the same project which consists of several stages. Halac, Kartik, and Liu (forthcoming a)
study the contest design for experimentation.
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the agent is inclined to exaggerate the prospects for success in order to prolong the
experimentation.

The paper is organized as follows. The model is presented in Section I. Section II
considers a single player’s decision problem. In Section III, I illustrate how to reduce
the delegation problem to a static one. The main results are presented in Section I'V.
I extend the analysis to more general stochastic processes in Section V and discuss
other extensions of the model. Section VI concludes.

I. The Model

Players, Tasks, and States—Time t € [0, c0) is continuous. There are two
risk-neutral players i € {a, p}: a (male) agent and a (female) principal; and two
tasks: a safe task S and a risky one R. The principal is endowed with one unit of
perfectly divisible resource per unit of time. She delegates resource allocation to
the agent, who continually splits the resource between the two tasks. The safe task
yields a known deterministic flow payoff that is proportional to the fraction of the
resource allocated to it. The risky task’s payoff depends on an unknown binary state,
w € {0, 1}. In particular, if the fraction 7, € [0, 1] of the resource is allocated to
R over an interval [, t + dt), and consequently 1 — 7, is allocated to S, player i
receives (1 — m,)s; dt from S, where s; > 0 for both players. The risky task gen-
erates a success at some point in the interval with probability m A df if w = 1,
and m, A\ dr if w = 0. Each success is worth /; to player i. Therefore, the overall
expected payoff increment to player i conditional on w is [(1 — m,)s; + ™, A“ k] dt.
All of these data are common knowledge..®

In the benchmark setting, I assume A' > A% = 0.Hence, R yields no success in
state 0. In Section VA, 1 extend the analysis to the setting in which A' > \° > 0.

Conflicts of Interest.—I allow different payoffs to players, i.e., I do not require
that s, = s, or h, = h, The restriction imposed on payoff parameters is
that \'; > 5; > A%, fori € {a, p}, and

Alha — Sa )\lh/’ 5
So — Ahy s, — A%,

This restriction has two implications. First, there is agreement on how to allocate the
resource if the state is known. Both players prefer to allocate the whole resource to R
in state 1 and the whole resource to S in state 0. Second, the agent values successes
over flow payoffs relatively more than the principal does. Let

)\lhi — S

= S; — )\Ol’ll’

81t is not necessary that S generates deterministic flow payoffs. What matters to players is that the expected
payoff rates of S are known and that they equal s;, and that S’s flow payoffs are uncorrelated with the state.
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denote player i’s net gain from R’s successes over S’s flow payoffs. The ratio 1,/7,,
being strictly greater than 1, measures how misaligned the players’ interests are and
is referred to as the agent’s bias. (The case in which the bias goes in the other direc-
tion is discussed in Section VB.)

Private Information.—Players do not observe the state. At time 0, the agent has
private information about the probability that the state is 1. For ease of exposition, I
express the agent’s prior belief that the state is 1 in terms of the implied odds ratio of
state 1 to state 0, denoted by 6 and referred to as the agent’s type. The agent’s type
is drawn from a compact interval © = [Q, 5] C R, according to some continuous
density function f. Let F denote the cumulative distribution function.

By the definition of the odds ratio, the agent of type 6 assigns probability
p(0) = 0/(1 + 6) to the event that the state is 1 at time 0. The principal knows only
the type distribution. Hence, her prior belief that the state is 1 is given by

Ep(O)] = [, 12 ar(0).

Actions and successes are publicly observable. The only information asymme-
try comes from the agent’s private information about the state at time 0. Hence, a
resource allocation policy, which I introduce next, conditions on both the agent’s
past actions and arrivals of successes.

Policies and Posterior Beliefs.—A (pure) resource allocation policy is a nonantic-
ipative stochastic process 7 = {m},~(. Here, 7, € [0, 1] is interpreted as the fraction
of the unit resource allocated to R at time ¢, which may depend only on the history of
events up to 7. A policy 7 can be described as follows. At time 0, a choice is made of
a deterministic function 7(¢|0), measurable with respect to #,0 < ¢t < oo, which
takes values in [0, 1] and corresponds to the fraction of the resource allocated to R
up to the moment of the first success. If a success occurs at the random time 7y, then,
depending on the value of 7y, a new function 7 (| 7y, 1) is chosen, and so forth. The
space of all policies, including randomized ones, is denoted as II (see footnote 10).

Let N, denote the number of successes observed up to time f. Both players
discount payoffs at rate r > 0. Given an arbitrary policy 7w € II and an arbi-
trary prior belief p € [0, 1], player i’s payoff consists of the expected discounted
payoffs from R’s successes and the expected discounted flow payoffs from § as
follows:

U(m, p) = E[fooC re_”[hl- dN, + (1 —7)s; dt]]w, p].

Here, the expectation is taken over the state w and the stochastic processes 7 and N,.
By the Law of Iterated Expectations, I can rewrite player i’s payoff as the discounted
sum of the expected payoff increments, as shown here:

Uf(m, p) = EU:C re”"[(1 — m)s; + m Ak dt|, p].
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Given prior p, policy 7, and trajectory N, on the time interval 0 < s < ¢, [ con-
sider the posterior probability p, that the state is 1. The function p, may be assumed
to be right-continuous with left-hand limits. Because R yields no success in state 0,
it follows that, before the first success of the process N,, the process p;, satisfies this
differential equation:

(1) p = _7Tt)‘1pt(1 - D)
At the first success, p, jumps to 1.”

Delegation.—1 consider the situation in which transfers are not allowed and the
principal is able to commit to dynamic policies. At time 0, the principal determines a
set of policies from which the agent chooses his preferred one. Since there is hidden
information at time 0, by the revelation principle the principal’s problem is reduced
to solving for a map 7« : © — 1I to maximize her expected payoff, subject to the
agent’s incentive compatibility (IC) constraint. Formally, I solve the following:

sup [, U(m(6), p(0)) dF(6),

subject to U,(m(0), p(0)) > U,(w(0'), p(0)) V0,0 €O,

over measurable 7 : © — I1.'°
II. The Single-Player Benchmark

In this section, I present player i’s preferred policy as a single player. This is a
standard problem. The policy preferred by player i is Markov with respect to the pos-
terior belief p,. It is characterized by a cutoff belief p; such that 7, = 1if p, > p/,
and m, = 0 otherwise. By standard results (see proposition 3.1 in Keller, Rady, and
Cripps 2005, for instance), the cutoff belief is

S.
2 i* _ i — r .
( ) P /\lh + ()\lhi - Si)Al r+ ()\1 + ”)771‘

7

9In general, subscripts indicate either the time or the player, and superscripts indicate the state. Parentheses
contain the type or the policy.

19Here, T define randomized policies and stochastic mechanisms, following Aumann (1964). Let B, 11 (or Bk)
denote the o-algebra of Borel sets of [0, 1] (or R) and A the Lebesgue measure on [0, 1], where k is a positive
integer. I denote the set of measurable functions from (R’i, Bk) to ([0, 1], By, 1]) by F¥ and endow this set with the

o-algebra generated by sets of the form {f: f(s) € A} with s € R’; and A € By, ). The o-algebra is denoted X~
Let IT* denote the space of pure policies. I impose on II* the product o-algebra generated by (F k Xk), VkeN,.
Following Aumann (1964), I define randomized policies as measurable functions 7 : [0, 1] — IT*. According to
7, avalue ¢ € [0, 1] is drawn uniformly from [0, 1] and then the pure policy 7(¢) is implemented. Analogously, I
define stochastic mechanisms as measurable functions 7 : [0, 1] x © — II*. A value ¢ € [0, 1] is drawn uniformly
from [0, 1], along with the agent’s report ¢, determines which element of IT* is chosen. For ease of exposition, my
descriptions assume pure policies and deterministic mechanisms. My results do not.
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FIGURE 1. THRESHOLDS AND STOPPING TIMES

Note: Parameters are 1, = 3/2, np = 3/4, A= 1,0 = 3/2,0" = 4.

Note that the cutoff belief p;” decreases in 7;. Therefore, the agent’s cutoff belief p;
is lower than the principal’s p,, since he values R’s successes over S’s flow payoffs
more than the principal does.

Given the law of motion of belief (1) and the cutoff belief (2), player i’s preferred
policy given prior p(6) is a stopping-time policy with a fixed stopping time 7;(6): if
the first success occurs before the stopping time, use R forever after the first success;
otherwise, use R until the stopping time and then switch to S. Player i’s preferred
stopping time for a given 0 is stated as follows:

CLAIM 1: Player i’s stopping time given the odds ratio 0 € © is

1 1
1 e P A UC(H}{)% N

() = ' )
Ao,
0, UCL}M < 1.

Figure 1|illustrates the two players’ cutoff beliefs and their preferred stopping
times associated with two possible odds ratios 6', " (with 6’ < 6”). The prior
beliefs are thus p(0'), p(6”) (with p(0') < p(6")). The x-axis variable is time and
the y-axis variable is the posterior belief. On the y-axis are the two players’ cutoff
beliefs p, and p,. The solid and dashed lines depict how posterior beliefs evolve
when the whole resource is directed to R and no success is realized.

The figure on the left-hand side shows that for a given odds ratio, the agent pre-
fers to experiment longer than the principal does because his cutoff is lower than
hers. The figure on the right-hand side shows that for a given player i, the stopping
time increases in the odds ratio, i.e., 7;(6") < 7;(0"). Therefore, both players prefer
to experiment longer given a higher odds ratio. Figure 1 makes clear what agency
problem the principal faces. The principal’s stopping time 7,(f) is an increasing
function of 6. For a given 6, the agent prefers to stop later than the principal does
and thus has incentives to misreport his type. More specifically, lower types (those
types with a lower #) have incentives to mimic higher types in order to prolong the
experimentation.

Given that a single player’s preferred policy is always characterized by a stopping
time, one might expect that the solution to the delegation problem would be a set

L,
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of stopping times. This is the case if there is no private information or no bias. For
example, if the distribution F'is degenerate, information is symmetric. The optimal
delegation set is the principal’s preferred stopping time given her prior. If 7, /7,
equals 1, then the two players’ preferences are perfectly aligned. Knowing that for
any prior the agent’s preferred stopping time coincides with hers, the principal offers
the set of her preferred stopping times {7,(6) : § € ©} for the agent to choose from.

However, if the agent has private information and is also biased, it is unclear how
the principal should restrict his actions. In particular, it is unclear whether the princi-
pal would still offer a set of stopping times. In fact, as shown in online Appendix B1,
there exist examples in which restricting attention to stopping-time policies is sub-
optimal.!'!| For this reason, I am led to consider the space of all policies.

III. A Finite-Dimensional Characterization of the Policy Space

The space of all policies is large. In Section IIIA, for each policy, I associate to it
a pair of numbers, called the rotal expected discounted resource (hereafter, expected
resource) pair, and show that this pair is a sufficient statistic for this policy in terms
of both players’ payoffs. In Section IIIB, I solve for the set of feasible expected
resource pairs, which is a subset of R? and can be treated as the space of all policies.

This transformation allows me to reduce the dynamic problem to a static one. In
Section IIIC, I characterize players’ preferences over the feasible pairs and reformu-
late the delegation problem.

A. A Policy as a Pair of Numbers

For a fixed policy 7, I define W!(7r) and W() as follows:
o0 (o.¢]
(3) Wl = E[fo re "m dt|m, 1|, W) = E[fo re ", dt|m, O].

The term W'(7) measures the expected discounted sum of the resource allocated to
R under 7 in state 1. I refer to W' (7) as the expected resource allocated to R under 7
in state 1.2 Similarly, the term W(7) is the expected resource allocated to R under
7 in state 0. Both W!(7) and W() are in [0, 1] because 7 takes values in [0, 1].
Therefore, (Wl, WO> defines a mapping from the policy space I1 to [0, 1]

A policy’s resource pair is important because all payoffs from implementing this
policy can be written in terms of its resource pair. Conditional on the state, the pay-
off rate of R is known, so the payoff from implementing this policy depends only on
how the resource is allocated between R and S. For instance, conditional on state 1,
(A'h;, s;) are, respectively, the payoff rates of R and S to player i; (W'(7), 1 — W'())
are the resources allocated to R and S, respectively, in expectation. Their product is

"1t is shown in online Appendix B1 that, with two types, the low-type policy is a stopping-time one, whereas
the high-type policy might be a slack-after-success or delay policy for certain parameters. In these cases, the
principal is strictly better off by offering policies other than stopping-time ones.

12For a fixed policy m, the expected resource spent on R in state 1 is proportional to the expected discounted

00
number of successes, i.e., W!(r) = E[ b re " dN,| , 1]/)\].
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the payoff conditional on state 1.'4 Multiplying the payoffs conditional on the states

by the initial state distribution gives the payoff of this policy. I summarize the anal-
ysis above in the following lemma.

LEMMA 1 (A Policy as a Pair of Numbers): For a given policy w € Il and a given
prior p € [0, 1], player i’s payoff can be written as follows:

(4) U(m, p) = P(Alhi - Si)Wl(W) + (1 - P)(thi - Si>W0(7T) + 5.

Lemma 1 shows that (W'(w), Wo(ﬂ)) is a sufficient statistic for policy = for
the payoffs. Instead of working with a generic policy 7, I focus on (Wl(w) , Wo(ﬂ'))
without loss of generality.

B. Feasible Set

Let T' denote the image of the mapping (Wl, WO) : I — [0, 1]°. The set T,
referred to as the feasible set, contains all resource pairs that can be achieved by some
policy. The feasible set is convex, since the policy space 11 is convexified. Therefore,
to characterize the feasible set, I need to characterize only its extreme points. The
extreme point (w L wo) € T in the direction (p;, p,) € R% ||(p1, po)|| = 1 can be
found by solving for the policy that maximizes p;W'(7) + p,W%(r). That is,

(5) max pyW'(m) + p,W'(m).
mell

Compared with (4), this maximand can be interpreted as the expected payoff of a
single player i whose prior belief of state 1 is |p;|/(|p1| + |p2|) and whose payoff
parameters are such that A\'h; —s; = sgn(p;), \°%h; —s; = sgn(p,). Here sgn(-)
is the sign function. This transforms the problem into a single player’s optimization
problem. Therefore, Markov policies are sufficient.'? The following lemma shows
that the feasible set is the convex hull of the resource pairs of Markov policies.

LEMMA 2 (Feasible Set): The feasible set is the convex hull of
{(W1(7r), Wo(m)) : m e HM}, where TI is the set of Markov policies with respect
to the posterior belief of state 1.

Here, I characterize the feasible set of the benchmark setting by finding the extreme
points in all directions. In Section VA and online Appendix B3, I characterize the
feasible sets of more general stochastic processes.

13Recall that, conditional on the state and over any interval, S generates a flow payoff proportional to the
resource allocated to it, and R yields a success with probability proportional to the resource allocated to it.

14 An example of non-Markov policies is to let the agent allocate the whole resource to R until the second suc-
cess and then switch the whole resource to S. Under this policy, the posterior jumps to 1 after the first success, yet
the agent takes different actions before and after the second success.

!51n online Appendix B3, T extend the analysis to Lévy bandits as in Cohen and Solan (2013) and characterize
the feasible set when the risky task’s payoff is one of the two Lévy processes which have independent and stationary
increments. Both the Poisson bandits (Keller, Rady, and Cripps 2005; Keller and Rady 2010) and the Brownian
bandits (Bolton and Harris 1999) are special cases of the class of Lévy bandits.
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If p, > 0, p, > 0, the maximum in (5) is achieved by the policy which directs
the whole resource to R. The corresponding resource pair is (1, 1). Similarly,
ifp; < 0, p, < 0, the maximum is achieved by the policy which directs the whole
resource to S. The corresponding resource pair is (0, 0).

If p, > 0, p, < 0, the maximum is achieved by a lower-cutoff Markov policy
which directs the whole resource to R if the posterior belief is above a certain cut-
off p* € (0, 1), and to S if it is below that cutoff:

() 1, ifp, > p7,
i =
b 0, ifp, < p-.

This is effectively a stopping-time policy. Therefore, the extreme points in direc-
tions p; > 0, p, < 0 are characterized by the class of stopping-time policies.
Let ' denote the set of resource pairs generated by the lower-cutoff policies defined
above (equivalently, stopping-time policies). It is easy to verify the following:

I = {(wl, WO)\WO =1- (1 — wl)’“], wlelo, 1]}

Note that both (0, 0) and (1, 1) are in this set, corresponding to the stopping times
at zero and infinity, respectively.

If p; < 0, p, > 0, the maximum is achieved by an upper-cutoff Markov policy
which directs the whole resource to R if the posterior belief is below a certain cut-
off p** € (0, 1) and to S if it is above that cutoff:

() 1, ifp, < p™,
v =
P 0, ifp, > p™.

Since the posterior belief jumps to 1 upon the first success, this upper-cutoff Markov
policy takes one of two possible forms. If the prior belief | p; | /(| pi| + |p2]) is higher
than the cutoff p**, this policy corresponds to the policy which directs the whole
resource to S. If the prior belief |p |/(|p;| + |p»|) is lower than the cutoff p**, this
policy corresponds to the policy which directs the whole resource to R before the
first success and the whole resource to S after the first success. Let ['““ denote the set
of the resource pair under this policy:

re = {(wl, wo)w? = 1, w! = r—i—r)\l}'

This is the only extreme point in addition to I' that we need to consider. I have now
found the extreme points in all directions. The next lemma states that the feasible set
is the convex hull of the set of all extreme points.

LEMMA 3 (Conclusive News—Feasible Set): The feasible set is co {I‘lc U I‘“C},
the convex hull of T' and T
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W(m)
Slack-after-success policies
1+ Ep ° #C
D
A: Allocate all resource to S
B: Switch to S at some 7 € (0, o)
if no success occurs
& r & C: Allocate all resource to R
£ Feasible set: &
QS Qo\\ D: Allocate all resource to R
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by N some fraction ¢ € (0, 1) to R
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,\OQQ E: Allocate all resource to R
S until 1st success; then switch to S
A L
1
1
0 1 Wi(m)
FIGURE 2. FEASIBLE SET AND EXAMPLE POLICIES (r/ A= 1)

depicts the feasible set when r/\! equals 1. The (w L wo) pairs on the
southeast boundary correspond to stopping-time policies. Point £ corresponds to the
unique resource pair in ', The points between C and E can be generated by what
I call slack-after-success policies: allocate the whole resource to R until the first
success; then allocate only a fixed fraction to R after the first success. The points
between A and E can be generated by what I call delay policies: allocate the whole
resource to S for a fixed period, then allocate the whole resource to R until the first
success, and then switch the whole resource back to S forever. (Hence, delay pol-
icies involve not only delay in experimentation but also no exploitation of success
at all.) From now on, I also refer to the union of the slack-after-success and delay
policies as the northwest boundary of T'.

For future reference, a (w ! wo) € I' pairis also called a bundle. I write the feasible
set as I' = {(wl, wo) | 6”(14/1) < wl < ﬂ"w(wl), wle [0, 1]}, where (3%, /™
are functions from [0, 1] to [0, 1], characterizing the southeast and northwest bound-
aries of the feasible set, as follows:

r

/Bse(wl) =1_ (1 - Wl)rJr/\l,
rE AL e [0, %]
ﬁnw(wl) = r+ A
1, ifw'e (% 1].
r+ A

Note that the shape of the feasible set depends only on the ratio r/\'. As demon-
strated in the feasible set expands as r/\! decreases. Intuitively, if future
payoffs are discounted to a lesser extent, a player has more time to learn about the
state. As a result, he is better able to direct resources to R in one state while avoiding
wasting resources on R in the other state.
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The feasible set expands as r/\! decreases.

1 W(m)

1
FIGURE 3. FEASIBLE SETS AS /A~ VARIES

C. Delegation Problem Reformulated

According to Lemma 1, player i’s payoff, for a fixed policy 7 and a fixed odds
ratio 0, is

U, p(0) = (25 mW' () =7 WO (s, =A%) + s
Therefore, player i’s preferences over (w', w®) € T' are characterized by
upward-sloping indifference curves, with slope 6 -7, The more confident a
player is of state 1, or the more he values R’s successes over S’s flow payoffs, the
steeper his indifference curves are. Player i’s preferred bundle given 6, denoted by
(wil(ﬁ), w,-O(G)), is the point at which his indifference curve is tangent to the south-
east boundary of T" (see|Figure 4)

Based on Lemma 1 and 3, I reformulate the delegation problem by replacing II
with I'. The principal offers a direct mechanism <w1, wo) :® — T, called a con-
tract, such that

WI,WO

0 gy 1 0
(6) max f@<1 O wi(e) - 15w (9)) dF (),
(7) subject to O, w'(0) — wo(0) > On,w'(0) — w0, V6,6 co.
The IC constraint (7) ensures that the agent reports his type truthfully. The data
relevant to this problem include: (i) two payoff parameters 7,, 7,; (ii) the feasible

set parametrized by r and \!; and (iii) the type distribution F. The solution to this
problem, called the optimal contract, is denoted by (w'*(6), w®*(9)).'S

16Since both players’ payoffs are linear in (w', wo), the optimal mechanism is deterministic.
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UNGD)
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Agent’s indifference
curve given 6
A Slope = 61,
Feasible set: I'
s Slope = 01,
A (wa(6), wi(9)
Principal’s indifference P (wl(0). wo(0
curve given 6 ) (W"( ), wal ))
0 1 Wim)
FIGURE 4. INDIFFERENCE CURVES AND PREFERRED BUNDLES
Note: Parameters are 1o, = 3/2,n, = 3/4, r/A' = 1,0 = V10/3.

IV. Main Results

Given a direct mechanism (wl(ﬁ), wO(H)), let U,(6) denote the payoff that the
agent of type # obtains by maximizing over his report. Since the optimal mecha-
nism is truthful, U, (#) equals 01, w'(6) — w(#) and the envelope condition implies
that U, (6) = n,w'(0). By integrating the envelope condition, one obtains the stan-
dard integral condition

(8) Onaw!(0) —wi(0) = 1, f; w'(8) df + Onow'(6) — w'(O).

The incentive compatibility of (w L wo) also requires w' to be a nondecreasing func-
tion of #: higher types are willing to spend more resource on R in state 0 for a given
increase in w'! than lower types. Thus, condition (8) and the monotonicity of w' are
necessary for incentive compatibility. As is standard, these two conditions are also
sufficient.

Substituting (8) into both (6) and the feasibility constraint, and integrating by
parts allows me to eliminate w%(@) from the problem except for its value at 6.
I denote w°(@) by w. Consequently, the principal’s problem reduces to finding a
function w' : © — [0, 1] and a scalar w° that solves the following:

(OBJ) max (n, [, w(O)G(0) b + Gn,w'(6) — n0),

w!l, wled
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subject to

IN

9) Be(w!(6)) < Onaw'(0) — n, f; w'(0) db — 0m,w'(0) + w’, Voo,

(1) B™(w'(0) > Onw'(0) —n, [, w'(9) db — 0n,w'(©) + w°, VocO,

where & = {wl, w?|wl: @ — [0, 1], w! is nondecreasing, w° € [0, 1}},and
H(6) m, o0
GO) = (1——= ) + (72— 1) =2,
o= H<e>> )

where h(8) = L9 pig) = [ n(6) aa.

Here, G(0) consists of two terms. The first term is positive since it corresponds to
the shared preference between the two players for a higher w! value, given a higher
0. The second term is negative, since it captures the impact of the incentive problem
(due to the agent’s bias toward longer experimentation) on the principal’s expected
payoff.

I denote this problem by P. The set @ is convex and includes the monotonicity
constraint. A contract is admissible if (wl, yo) € @, and (9) and (10) are satisfied."”

A. A Robust Result: Pooling at the Top

I first show that types above some threshold are offered the same (w w ) bundle.
Intuitively, types at the very top prefer to experiment more than the principal would
like for any prior. Therefore, the cost of separating those types exceeds the benefit.
This can be seen from the fact that the first term—the shared preference term—of
G(0) reduces to 0 as 6 approaches 6, so G@) is negative. The principal finds it opti-
mal to pool those types at the very top.

Let 0, be the lowest value in © such that

~

jz G(#)dd < 0, forany 60 > 0,.

My next result shows that types with ¢ > 6, are pooled.
PROPOSITION 1 (Pooling at the Top): An optimal contract (w'*, w®) satisfies
w(0) = w'*(6,) for > 0, It is optimal for (9) or (10) to hold with equality
at 0,.

To understand the definition of 6, consider an auxiliary delegation problem in

which only bundles on the southeast boundary of I' are allowed. This restriction

7 The problem P is convex because the objective function is linear in (w], yo) and the constraint set is convex.
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reduces the action space to a one-dimensional line segment and allows me to
compare the definition here with those in the related literature, especially Alonso
and Matouschek (2008). I identify a bundle on the southeast boundary with the
slope of the tangent line at that point. The set of possible slopes is denoted by
Y = [(8°)'(0), oo]. Since there is a one-to-one mapping between the southeast
boundary of I" and Y, I let Y be the action space and refer to y € Y as an action. For
a given type 0, player i’s preferred action is denoted by y;(6) = ;6. The principal’s
preferred action if she believes that the agent’s type is above 6 is

|7 on(6) ad

g H(0) — H(®O)

Following Alonso and Matouschek (2008), I define the forward bias as

§~ ~ ~
50) = <1_H(0)> e pfe on() do

H(D) H(0) — H(0)

this measures the difference between the agent’s preferred decision given # and the
principal’s preferred decision if she believes that the agent’s type is above 6. It is
easy to verify the following equality:

s) = —n. [ 6(6) ad.

Therefore, 0, is the lowest value in © such that for any 0 > @, the forward bias
S (9) is posmve If 6, is interior, the forward bias at 6, must equal zero. The principal
finds it optimal to pool the top types until 6,,.

For any 6 > 577/)/ 7, the agent’s preferred action y,(0) is greater than 57)/),
which is the principal’s preferred action if she believes that the agent’s type is equal
to 6. Therefore, for any 6 > 577,;/ 7o the forward bias is positive. It thus follows
that the pooling threshold 6, has to be below 67,/7,. I summarize this observation
in the following corollary.

COROLLARY 1: The threshold of the top pooling segment 0, is below 577,) /M-

Note that for a fixed type distribution, the value of 6, depends only on the ratio
1,/M. but not on the magnitudes of 7,, 1,. If 1,/n, = 1, both parties’ preferences
are perfectly aligned. The function G is positive for any 6, and thus the principal
optimally sets 6, to be 0. As 1,/7M. decreases, the agent’s bias grows. The principal
enlarges the top pooling segment by lowering ¢,. When 7, /7, is sufficiently close to
zero, the principal optimally sets 6, to be 6, in which case all types are pooled.

COROLLARY 2: For a fixed type distribution, 0, increases in 1,/n,. Moreover,
6, = 0ifn,/n, = 1,and there exists z* € [0, 1) such that 0, = 0 ifn,/n, < 2"
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If 6, = 0, all types are pooled. The optimal contract consists of the principal’s
preferred bundle given her prior belief. From now on, I focus on the more interesting
case in which 6, > 0.

B. Imposing a Cutoff
To make progress, I assume for the rest of this section and Section VA that the
type distribution satisfies Assumption 1. In online Appendix B2, I examine how
results change when Assumption 1 fails.'®

ASSUMPTION 1: Forall § < 6,,1 — G(0) is nondecreasing.

When the density function f is differentiable, Assumption 1 is equivalent to the
following condition:

Mo 1'(0) 1
e, 2 (Hf(e) +m>, Vo <9,

This condition is satisfied for all density functions that are nondecreasing, as well
as for the exponential, the log-normal, the Pareto, and the Gamma distributions for
a subset of their parameters. It is also satisfied for any density f with 6f'/f bounded
from below when 1, /7, is sufficiently close to 1.

My next result, Proposition 2, shows that under Assumption 1 the optimal con-
tract takes a quite simple form. To describe it formally, I introduce the following
definition:

DEFINITION 1: The cutoff rule is the contract (w', w°) such that

(wa(6), wi(9)),  if0 < 6,

(w'(0), w(0)) =
(szep)v WC?(Hp))a ife > 0,
Under the cutoff rule, types below 0, are offered their preferred bundles

(wal(ﬁ), WS(H)) whereas types above 6, are pooled at (wa'(a,,), wS(Gp)). I denote

the cutoff rule by (welp, v_v%p).shows the delegation set corresponding to
the cutoff rule. With a slight abuse of notation, I identify a bundle on the south-
east boundary of I' with the slope of the tangent line at that point. As 6 varies, the
principal’s preferred bundle ranges from 017, to anﬂ while the agent’s ranges from
0n, to On,. The delegation set is the interval between 07, and 6,7,. According to
Corollary 1, the upper bound of the delegation set 6,7, is smaller than 67, the prin-
cipal’s preferred bundle given 6.

PROPOSITION 2 (Sufficiency): The cutoff rule (w(}p, m%p) is optimal if Assump-
tion 1 holds.

181n online Appendix B2, I show that Assumption 1 is necessary for a cutoff rule to be optimal.
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FIGURE 5. DELEGATION SET UNDER CUTOFF RULE

Notes: Parameters are 1, = 3/5, np = 3/5, r//\1 =1,0=1,0 = 5 with § being uni-
formly distributed. The pooling threshold is ¢, ~ 1.99.

To better interpret Assumption 1, I revisit the auxiliary delegation problem in
which only bundles on I'** are allowed. Following Alonso and Matouschek (2008),
I define the backward bias for a given type 6 as

" n(0) o
(1) 0 = 4 nae—np%,

which measures the difference between the agent’s preferred action given 6 and the
principal’s preferred action if she believes that the type is below 6. It is easy to verify
the following equality:

7(0) = n, J, (1-G(0)) ad.

Therefore, Assumption 1 is equivalent to requiring that the backward bias be convex
when ¢ < 6,. This is the condition that Alonso and Matouschek (2008) find for
the interval delegation set to be optimal in their setting. Intuitively, Assumption 1
requires that the type distribution cannot be too skewed toward lower types. If some
lower types were very probable, the principal could remove actions from the inter-
val delegation set, force these types to choose bundles with less experimentation,
and benefit overall because of the concentration of the lower types. Assumption 1
ensures that the density is sufficiently greater for higher types, so that the principal
finds it optimal to fill in the “holes” in the delegate set."”

9The discussion so far also suggests that Assumption 1 is necessary for a cutoff rule to be optimal. In online
Appendix B2, I show that no x;-cutoff contract is optimal for any x;, € © if Assumption 1 does not hold. The
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It is important to emphasize that this is not a proof of the optimality of the cut-
off rule, because considering only the bundles on the southeast boundary might be
restrictive. For example, with two types, the low-type policy is a stopping-time one.
Yet, the high-type policy might be a slack-after-success or delay policy for certain
parameters. The high-type policy involves excessive experimentation, constrained
exploitation of success, and possibly delay in experimentation, all of which deter a
low type from mimicking the high type. The principal gains from effectively short-
ening the low type’s experimentation (see online Appendix B1). With a continuum
of types, there also exist examples such that the principal is strictly better off by
offering policies other than stopping-time ones. By using Lagrangian methods, I
prove that the cutoff rule is indeed optimal under Assumption 1.

To prove Proposition 2, I borrow numerous ideas from Amador, Werning, and
Angeletos (2006) and Amador and Bagwell (2013). The problem P is similar to that
in Amador, Werning, and Angeletos (2006). Amador and Bagwell (2013) extend
the methods in Amador, Werning, and Angeletos (2006) to prove the optimality
of interval delegation in more general settings, with and without money burning.
Conceptually, problem P can be thought of as a one-dimensional delegation prob-
lem with money burning: moving away from the southeast boundary reduces both
players’ payoffs, which can be interpreted as money burning. However, my approach
is not an application of Amador and Bagwell (2013), as the current payoff is not
written as a special case of theirs. Nonetheless, the reason that the optimal contract
involves only bundles on the southeast boundary is similar to that in Amador and
Bagwell (2013): when the principal’s payoff function is at most as concave as the
agent’s, the sufficient conditions for interval delegation to be optimal with and with-
out money burning coincide.

The detailed proof is relegated to the Appendix. In Section IVC, I first introduce
an indirect implementation of the cutoff rule and then prove that this indirect mech-
anism is time consistent.

C. Properties of the Cutoff Rule

Implementation.—Under the cutoff rule, the agent need not report his type at
time 0. Instead, the optimal outcome for the principal can be implemented indirectly
by calibrating a constructed belief that the state is 1. It starts with the prior belief
p(0,) and then is updated as if the agent had no private information about the state.
More specifically, if no success occurs, this belief is downgraded according to the
differential equation p, = —\'7,p,(1 — p,), where T, is the agent’s action. Upon the
first success this belief jumps to 1.

The principal imposes a cutoff at pi. As long as the constructed belief stays above
the cutoff, the agent can decide how to allocate the resource. As soon as it drops to the
cutoff, the agent is not allowed to operate R any more. This rule does not bind for those
types below 0,, who switch to S voluntarily conditional on no success, but it does con-

strain those types above 6,,, who are forced by the principal to stop by the principal.

xp-cutoff contract is defined as (wl(f)), wo(ﬁ)) = (wl(o), w(?(ﬁ)) for 6 < xp, and (w'(8), w'(8))
= (wg(xp), wg(xp)) for0 > xp,.
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FIGURE 6. IMPLEMENTING THE CUTOFF RULE

llustrates how the constructed belief evolves over time. The solid arrow
shows that the belief is downgraded when the whole resource is directed to R and no
success has been realized. The dashed arrow shows that the belief jumps to 1 at the
first success. The gray area shows that those types below 6, stop voluntarily when
their posterior beliefs drop to the agent’s cutoff p/;. As illustrated by the black dot, a
mass of higher types is required to stop when the cutoff is reached.

There are many other ways to implement the cutoff rule. For example, the con-
structed belief may start with the prior belief p(6,7,,/1,), in which case the principal
imposes a cutoff at p ;. What matters is that the prior belief and the cutoff are chosen
simultaneously to ensure that exactly those types below 6, are given the freedom to
decide when to switch to S.

Time Consistency.—Given that the agent need not report his type at time 0 and
that the principal commits to the cutoff rule before experimentation, a natural ques-
tion to explore is whether the cutoff rule is time consistent. Does the principal find
it optimal to fulfill the contract that she commits to at time O after any history? Put
differently, were the principal given a chance to offer a new contract at any time,
would she benefit from doing so? As my next result shows, the cutoff rule is indeed
time consistent.

PROPOSITION 3 (Time Consistency): If Assumption 1 holds, the cutoff rule is time
consistent.

To show time consistency, I need to consider three classes of histories on the
equilibrium path: (i) the first success occurs before the cutoff is reached; (ii) the
agent stops experimenting before the cutoff is reached; and (iii) no success has
occurred and the agent has not stopped. Clearly, the principal has no incentive to
alter the contract after the first two classes of histories. Upon the arrival of the first
success, it is optimal to let the agent direct the whole resource to R thereafter. Also,
if the agent stops experimenting before the cutoff is reached, his type is revealed.
From the principal’s point of view, the agent has already overexperimented. Hence,
she has no incentive to ask the agent to use R any more.

What remains to be shown is that the principal finds the cutoff set at time O to
be optimal if the agent has not stopped experimenting and there is no success. To
clarify the intuition, it is useful to note that the cutoff rule separates the type space
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into two segments: low types that are not constrained by the cutoff, and high types
that are constrained. The cutoff rule does not distort the low types’ behaviors at all
since they implement their preferred policies. Hence, by setting a cutoff, the prin-
cipal gets no benefit from these low types who are not constrained by the cutoff.
Given that the cutoff has no effect on their behaviors, the principal chooses the cut-
off by looking at only those high types who will be constrained by the cutoff. The
principal chooses 6, such that she finds it optimal to stop experimenting when the
cutoff becomes binding. This explains why commitment is not required even if the
principal learns more about the agent’s type as time passes.

I now sketch how to prove time consistency. First, I calculate the principal’s
updated belief about the type distribution, given that no success has occurred and
that the agent has not stopped. By continuing to experiment, the agent signals that
his type is above some level. Hence, the updated type distribution is a truncated one.
Since the agent has also updated his belief about the state, I then rewrite the type
distribution in terms of the agent’s updated odds ratio. Next I show that given the
new type distribution, the optimal contract is to continue the cutoff rule set at time 0.
The detailed proof is relegated to the Appendix.

Over- and Underexperimentation.—The result of Proposition 2 can also be rep-
resented by a delegation rule mapping types into stopping times since only stop-
ping-time policies are assigned in equilibrium.|Figure 7|depicts such a rule. The
x-axis variable is 6, ranging from @ to 6. The dotted line represents the agent’s
preferred stopping time and the dashed line represents the principal’s. The delega-
tion rule consists of (i) segment [0, 6], where the stopping time equals the agent’s
preferred stopping time; and (ii) segment [0[,, 0] where the stopping time is inde-
pendent of the agent’s report (i.e., the pooling segment). To implement the rule, the
principal simply imposes a deadline at 7,,(6,).

Since the principal’s stopping time given type 6,71,/7, equals the agent’s stop-
ping time given 6,, the delegation rule intersects the principal’s stopping time at
type 0,7,/n,- From the principal’s perspective, those types with 6 < 6,1,/n,
experiment too long while those types with 6 > 6,7,/ stop too early.

V. Discussion
A. More General Stochastic Processes

In the benchmark setting, the risky task generates no successes in state 0, so the first
success reveals that the state is 1. Here, I examine the case in which 0 < \° < A\l
The risky task generates successes in state 0 as well, so players never fully learn
the state. This happens, for instance, when a bad project generates successes but at
a lower intensity. Successes are indicative of a good project but are not conclusive
proof of one. The analysis is readily extended to incorporate this setting. I first show
how to reduce the policy space to a two-dimensional feasible set. Then I prove the
optimality of the cutoff rule and its time-consistent property. In online Appendix B3,
I extend the analysis to the general class of Lévy bandits (Cohen and Solan 2013):
the risky task’s payoff is one of the two Lévy processes which have independent and
stationary increments. Both Poisson bandits and Brownian bandits are special cases
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of the class of Lévy bandits, so the main results also apply to Brownian bandits as
seen, for instance, in Bolton and Harris (1999).

For the rest of this subsection, I use the same notation as in the benchmark set-
ting. Recall that (Wl(w) , WO(’]T)) denotes the expected resource allocated to R under
m, conditional on state 1 and state 0. The feasible set I" is the image of the mapping
(W', Wo) (1 — [0, 1]2 and is convex. As in the benchmark setting, the extreme
point (wl, wo) € T in the direction (py, p,) € R?, || (py1, po) || = 1 can be found by
solving for the policy 7 that maximizes p,W'(7) + p,W°(r). This maximand can
be interpreted as a single player’s expected payoff (with properly adjusted prior
belief and payoff parameters). Therefore, it suffices to focus on lower-cutoff and
upper-cutoff Markov policies since a single player’s optimal policy must be either a
lower-cutoff or an upper-cutoff policy. The following lemma generalizes Lemma 3
to the inconclusive success case.

LEMMA 4 (Inconclusive News—Feasible Set): There exist two functions
g%, g™ 10, 1] — [0, 1] such that T’ = {(wl, w0 | ge(w!) < w < g™(w!h),

1 a*/(l—i—a*)
w!)

wle|o, 1]} The southeast boundary is given by ﬁse(wl) =1- (1 — ,
for some constant a® > 0. The northwest boundary ™" is concave, nondecreasing,

and once continuously differentiable, with end points (0, 0) and (1, 1).

| Figure 8|depicts the feasible set with inconclusive successes.”’ In the bench-
mark setting, the northwest boundary is piecewise linear. Recall that the northwest
boundary consists of upper-cutoff Markov policies that direct the resource to R only
when the belief is below a certain cutoff. When successes are conclusive, the pos-
terior belief drifts downward without a success and gets absorbed at 1 after the

20The functional form for 3*¢ when )\, > 0 is the same as that in the benchmark setting A, = 0. This is
because the payoff of a single player who wants to direct the resource to R only in state 1 takes the same functional
form in both the conclusive- and inconclusive-success cases.
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FIGURE 8. DELEGATION SET UNDER CUTOFF RULE: INCONCLUSIVE NEWS CASE

Notes: Parameters are r = 1/5,\! = 2/5,\% = (2 — /2)/5. All other parameters are the same as Figure 5.

first success. Therefore, the set of the upper-cutoff policies contains essentially one
resource pair, which directs the whole resource to R before the first success and to S
after it. In the general setting, the northwestern boundary is differentiable, since the
set of the upper-cutoff policies contains a range of resource pairs as the cutoff or the
prior belief is adjusted. Moreover, for a fixed cutoff belief, the single player’s payoff
is concave and differentiable in his prior belief for any prior that is below the cutoff.

My next result shows that the cutoff rule as defined in Definition 1 is optimal
under Assumption 1. This is the case because the southeast boundary here takes
the same functional form as in the benchmark setting. The proof of Proposition 2,
which relies only on the properties of the southeast boundary, applies directly to the
current setting.

PROPOSITION 4 (Inconclusive News—Sufficiency): If Assumption 1 holds, the
cutoff rule is optimal when 0 < \° < AL,

The implementation of the cutoff rule, similar to its implementation in the bench-
mark setting, is achieved by calibrating a constructed belief which starts with the
prior belief p(6,). This belief is updated as follows: (i) if no success occurs, the belief
drifts downward according to the differential equationp, = —()\1 — )\0) (1 = p);
and (ii) if a success occurs at time ¢, the belief jumps from p,_ to

)\lptf .
Alpzf + )‘0(1 —p)

Pr =

The principal imposes a cutoff at p,;. If this belief stays above the cutoff, the agent
freely decides how to allocate the resource, but he is required to allocate the whole
resource to S when it drops to the cutoff. The gray areas i how that lower
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types stop voluntarily when their posterior beliefs reach p;. The black dot shows
that those types with 6 > 0, are required to stop.

Figure 9 also highlights the difference between the benchmark setting, in which
the belief jumps to 1 after the first success, and the inconclusive news setting, in
which the belief jumps up upon successes and then drifts downward. Consequently,
when successes are inconclusive, the optimum can no longer be implemented by
imposing a fixed deadline. Instead, it takes the form of a sliding deadline: the prin-
cipal initially extends some time to the agent. Whenever a success is realized, more
time is granted. The agent is also allowed to give up his time voluntarily. However,
after a long stretch of time without success, the agent must switch to S.

The cutoff rule is time consistent when successes are inconclusive. The intuition
is the same as in the benchmark setting: since the cutoff creates no distortion on
low types’ behaviors, the principal chooses the optimal cutoff conditional on the
agent being constrained by the cutoff. The proof is slightly different than for the
benchmark setting since successes never fully reveal the state. I need to show that
the principal finds it optimal not to adjust the cutoff upon the arrival of any success.
The detailed proof is relegated to the Appendix.

PROPOSITION 5 (Inconclusive News—Time Consistency): If Assumption 1 holds,
the cutoff rule is time consistent when 0 < \° < AL

B. Biased Toward the Safe Task: A Lockup Period

In this subsection, I consider the situations in which the agent is biased toward
the safe task, i.e., 7, < 7,. This happens, for example, when a division (i.e., the
agent) conducts an experiment which yields positive externalities to other divisions.
Hence, the agent does not internalize the total benefit that the experiment brings to
the organization (i.e., the principal). Another possibility is that the agent does not
perceive the risky task to be generating significant career opportunities compared
with alternative activities. In both cases, the agent prefers to stop experimenting
earlier. I derive the optimal delegation rule. The results here apply to both conclusive
and inconclusive successes.

To illustrate the main intuition, I assume that the lowest type agent prefers a
positive length of experimentation, i.e., 7,(6) > 0. Using the same methods as in
the benchmark setting, I first show in Proposition 6 that types below some threshold
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are pooled. Then I show in Proposition 7 that under a regularity condition, the opti-
mal contract is the reversed-cutoff rule (as defined in Definition 2): There exists a
threshold type such that those types who are more optimistic than the threshold type
are offered their preferred policies, whereas those types who are less optimistic are
pooled at the threshold type’s preferred policy.

Formally, let ¢, be the highest value in © such that

%1~ 6(o) do < o0, foranyd < ;.

Therefore, 0, is the highest value in © such that for any 0 < ¢, the backward bias
T(G) as deﬁned in (11) is negative. If 0y, is less than 0, the backward bias at 0}, equals
zero. Thus, the agent’s preferred actron given 0, is equal to the principal’s preferred
action if she believes that the agent’s type is below ¢, The following proposition
shows that types with 6§ € [Q, 0;] are pooled. Intuitively, types at the bottom prefer
to experiment less than what the principal prefers to do for any prior. The cost of
separating those types exceeds the benefit.

PROPOSITION 6 (Pooling at the Bottom): An optimal contract (w', w®)
satisfies <w1*(9), wo*(ﬁ)) = (w”(@}), wo*(ﬁls,)) for 0 < 0, It is optimal for
(wl*(GZ), WO*(H;)) to be on the boundary of the feasible set.

For the rest of this subsection, I focus on the more interesting case in which Hf, < 0.
I first define the reversed-cutoff rule formally:

DEFINITION 2: The reversed-cutoff rule is the contract (wl, WO) such that

(wa(6y), w(63)), if6 < 65,

(w'(0). w(0)) =
(wa(0), wl(®), iro > o5
Under the reversed-cutoff rule, types below 6, are pooled at ¢,’s preferred bundle,
and types above 0, are assigned their preferred bundles. Figure 10]illustrates the
delegation set corresponding to the reversed-cutoff rule. The next result gives a suf-
ficient condition under which the reversed-cutoff rule is optimal.

PROPOSITION 7 (Sufficiency—The Reversed-Cutoff Rule): The reversed-cutoff
rule <w91;, w 8;) is optimal, if 1 — G(0) is nondecreasing when 0 > 0,

Similar to the previous results, interval delegation is optimal when the backward
bias is convex for 6 > 6. If f(0) is differentiable, 1 — G(6) being nondecreasing
for & > 0} is equivalent to requiring that

r® . nm 1
f(@) = Tp = Na 1+ 6°

Vo e[05 0]

This condition is satisfied if the type distribution is not too skewed toward higher
types. For any density f with 6f'/f bounded from above, the condition is satisfied
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when 7,/n,, is sufficiently close to 1, or equivalently, when two players’ preferences
are sufficiently aligned. The proof is relegated to the Appendix.

This optimal contract can be implemented by starting with a properly calibrated
prior belief that the state is 1. This belief is then updated as if the agent had no pri-
vate information. As long as this belief remains above a cutoff belief, the agent is
required to allocate the whole resource to R. As soon as it drops to the cutoff, the
principal keeps her hands off the project and lets the agent decide how to allocate
the resource. Those types with low enough priors stop experimenting as soon as the
cutoff is reached. Those with higher priors are not constrained and thus implement
their preferred policies. In contrast to the setting with n, > 1, the agent here has
no flexibility until the cutoff belief is reached.

If successes are conclusive, the principal simply sets up a lockup period during
which the agent is required to direct the whole resource to R regardless of the out-
come. After the lockup period ends, the agent is free to experiment or not. In con-
trast, if successes are inconclusive, the principal initially sets up a lockup period.
Each time a success occurs, the lockup period is extended. The agent has no freedom
until the lockup period ends.

The reversed-cutoff rule is not time consistent. Whenever those high types vol-
untarily stop experimenting, they perfectly reveal their types. The principal learns
that these high types underexperiment compared with her optimal experimentation
policy, so she is tempted to command the agent to experiment further. Therefore,
there is tension on the principal’s ability to commit.

C. Optimal Contract with Transfers
In this subsection, I examine the optimal contract when the principal can make

transfers to the agent. I assume conclusive successes (i.e., N0 = O) and a larger
agent’s return (i.e., 7, > 7),) in this discussion.
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From both the theoretical and empirical points of view, it is important to know
how the results change when transfers are allowed. I assume that the principal has
full commitment power, that is, she can write a contract specifying both an experi-
mentation policy 7 and a transfer scheme c at the outset of the game. I also assume
that the agent is protected by limited liability, i.e., only nonnegative transfers from
the principal to the agent are allowed. An experimentation policy 7 is defined in
the same way as before. A transfer scheme c is a nonnegative, nondecreasing pro-
cess {¢,};>0, which depends on the history of events up to 7, where ¢, denotes the
cumulative transfers the principal has made to the agent up to time # (inclusive).*’
Under perfect commitment, the revelation principle applies. A direct mechanism
specifies for each type an experimentation policy and transfer scheme pair. Again,
due to the large contract space, it is difficult to solve for the optimal contract directly.

In Section III, I represent an experimentation policy by a summary statistic, char-
acterize the range of all summary statistics, and then reduce the dynamic contract
problem to a static one. This method is not restricted to the delegation model but
can be generalized to the case with transfers. Each policy and transfer scheme pair,
in terms of payoffs, can be represented by a summary statistic of four numbers. The
first two numbers are the expected resources directed to the risky task conditional
on states 1 and 0. The last two numbers are the expected transfers made to the agent
conditional on states 1 and 0, summarizing the transfers that the agent expects to
receive conditional on the state. Given that both players are risk-neutral, their pay-
offs can be written as linear functions of these four numbers. The range of these
summary statistics is a subset of R, and can be considered as the new contract
space. This reduces the dynamic contracting problem to a static one. Given that the
problem is now static, I utilize the optimal control methods (similar to those used by
Krishna and Morgan 2008) to solve for the optimal contract. The detailed analysis
can be found in online Appendix B4. Here, I briefly discuss the results (under cer-
tain regularity conditions), focusing on when and how the transfers are made.

When the principal can both use monetary incentives and restrict the agent’s
behavior, she uses both tools. For very low types, the principal “bribes” them to
experiment less than those types’ preferred policies.” However, paying higher types
to experiment less makes it more expensive to “bribe” lower types due to the agent’s
bias to overexperiment. Therefore, when the agent’s type is sufficiently high, the
principal stops using transfers. For the highest types, the principal simply caps the
agent’s choice. The policy chosen becomes unresponsive to the agent’s information.

To understand the optimal contract with transfers, let us first consider an auxiliary
problem in which every type’s outside option is his preferred policy. This is referred
to as a transfer-only problem in the sense that the principal has no authority over the
policy taken and can only use transfers to affect the agent’s behavior. When trans-
fers are allowed, the efficient policy for a given 6 is the one that maximizes the sum
of the principal’s and the agent’s payoffs. Since upward IC constraints potentially
bind, the principal makes the highest payment to the lowest type and assigns him

21 Formally, the number of successes achieved up to time 7 (inclusive) defines the point process {N¢};>0. Let
F = {F}y>0 denote the filtration generated by the process 7 and N;. The process {c;};>( is F-adapted.

221f the principal asks the lowest type to experiment slightly less, the cost to the agent is approximately zero,
since the lowest type was implementing his optimal policy. But the benefit to the principal is of the first order and
strictly positive. Therefore, the principal always uses monetary incentives.
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the efficient policy. In other words, efficiency is achieved at the bottom. For any
type above 6, reducing his experimentation length improves efficiency. However,
the principal has to increase all lower types’ information rents. As a result, there is
distortion toward the agent’s preferred policy except at the lowest type. There exists
a type 6" € (Q, 9) at which the marginal cost of the information rent is equal to
the marginal benefit from marginally reducing type 6’s experimentation length. The
principal stops making payments to types above 6, letting them implement their
preferred policies.

One interesting observation is that transfers are made only after the state is
revealed to be 1, even though the agent is biased toward more experimentation.
Intuitively, lower types have incentives to mimic higher ones. Also, lower types are
less optimistic about the state being 1 than higher types are. Therefore, if transfers
are made only if the state is revealed to be 1, then lower types perceive higher types’
transfer schemes to be less lucrative than higher types perceive them to be. This
allows the principal to save on information rents. So, if the agent is biased toward
more experimentation, the agent receives positive payment when he has claimed a
short period of experimentation and a success has been realized. This completes the
solution to the transfer-only problem.

The solution to the original problem is different in the sense that the principal
can cap the experimentation length of the most optimistic types. The exact contract
form depends on whether 6" is smaller or larger than the pooling threshold 6, in the
delegation contract.

When the bias term 7,/7, is small, 0" is smaller than 6,. The principal makes
transfers to types below 6%, “bribing” them to stop experimentation earlier. The
lowest type’s experimentation policy is the efficient one, and he receives the highest
level of transfer payment. As the type increases, the experimentation policy shifts
toward the agent’s preferred one, with a corresponding decrease in the transfer pay-
ments. The principal makes no transfers to types above 6*. The optimal contract for
types above 0* coincides with the delegation solution: those types between 6" and 6,
implement their preferred policies, and those types above 0, are pooled.
illustrates the equilibrium policy and transfer payments. On the left-hand side, the
dotted and sparsely dashed lines correspond to the agent’s and the principal’s pre-
ferred policies, respectively. The densely dashed line illustrates the equilibrium pol-
icy in the transfer-only problem, whereas the solid line illustrates the equilibrium
policy in the original problem (in which the principal caps types above 6,). On the
right-hand side is the equilibrium transfer payment. The equilibrium policy in the
delegation problem is illustrated in Figure 7.

When the bias 7,,/1, is large enough, 6 is larger than 6,. At the optimum, there
exists a type ép € (6,, 6), such that the optimal contract consists of two segments,

[Q, 5p] and [ép, 5]. Types below 91, receive positive transfers and are separated.

Types above ép are pooled, and implement type ép’s preferred policy. There is no
segment in which the agent implements his preferred bundle. Note that the principal
does not extend the transfer region up to 6. If she pooled only the types above 6"
and let them implement type 6*’s preferred policy, then the types above #* would
overexperiment from the principal’s perspective. This is because for any type 6
above 0, type ¢’s preferred action is higher than the principal’s preferred action
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if she believes that the agent’s type is above 0. Therefore, extending the positive
transfer region up to 6" imposes negative externalities on the allocation above 6,
and thus is suboptimal. The optimal threshold 9~p balances the benefit of screening
and the cost of overexperimentation.

VI. Concluding Remarks

In this paper, I study how to optimally manage innovation in hierarchical organi-
zations. Specifically, I characterize how a principal optimally delegates experimen-
tation to an informed yet biased agent, and how the agent’s flexibility over resource
allocation should be adjusted over time. Under a regularity condition, interval del-
egation is optimal. If the agent is biased toward more experimentation, he is con-
strained by a sliding deadline, and must achieve a success before the next deadline
to keep the project alive. On the contrary, if the agent is biased toward less experi-
mentation, he is constrained by a lockup period which extends whenever a success
arrives. The agent has no freedom but to experiment during the lockup period. He
freely decides how to allocate the resource after the lockup ends.

This paper suggests several promising directions for future research. It is assumed
that the agent’s private information is one-dimensional. I expect that the optimal-
ity of the interval delegation generalizes when the agent’s private information is
multiple-dimensional. (For instance, the agent’s bias level is also private informa-
tion.) Also, in addition to ex ante private information, the agent might acquire pri-
vate information about the project’s prospect during the experimentation process. I
expect that under certain conditions the optimality of the (sliding) deadline/lockup
rule can be extended to the setting with asymmetric learning.
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APPENDIX

PROOF OF LEMMA 1:
Player i’s payoff given policy 7 € II and prior p € [0, 1] is

Ui(m, p) = E[j(;oo re”"[(1 — m)s; + m ARy dt|, p]
= pEU;OO re_”[s,» + 7r,()\1h,- — si)] dt|m, 1]
+ (1 —p)EU;OO re_”[s,- + Wt()\ohi — s,-)]

= p()\lhi — Si)E[j:o re "', . 1]

+(1 —P)<)\0hi — sl.)E[j:Q re ", dt|m, 0] + 5

T, 0]

= p()\lhi - Si)Wl(ﬂ') + (1 —p)()\ohi - Si)WO(ﬂ') + 5.1

PROOF OF PROPOSITION 1:
The contrlbutlon to (OBJ) from types above 6, is 7, fgp (0)G(0) db.
Substituting w' fe,, aw! + w (6’ ) and integrating by parts, I obtaln

(A1) nw'(6,) [, G0) 0+ n, [y |7 G(6) di dw'(6).

The first term depends only on wl(ep). The integrand of the second term,
f9 G( ) do, is negative for 6 € [Gp, 5]. Thus, it is optimal to have dw'(6) = 0,
Voe [ 5] If6, = 0,alltypes are pooled, and implement the principal’s preferred

uninformed bundle on[*.1f 0, > 0, f 9G(0) db equals zero. Adjusting w1(0p) does
not affect (A1), so w'(6,) can be 1ncreased unt11 either (9) or (10) binds. B

PROOF OF COROLLARIES 1 AND 2:
Substituting G(#) and integrating by parts yields

[7 G a6 = H(%)f (me g —6)n(6) d.

For any 6 € [977,,/ Nevs ] the integrand (977p/ N — 0) (0) is weakly negative for
any ¢ € ©. Therefore, 0, < 077 /Na-
Let G(0, z) be the value of G(0) if 7,/n, equals z € [0, 1]. Let 0,(z)

be the lowest value in © such that fg G(0, z) dfd < 0O for any o > 0,(z).

Because G(0, z) increases in z for a fixed 6, 0,(z) also increases in z. If
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(1) < B, it holds that [y G(6, 1) d0 = [i) (6 — 6,(1))a(6) do/H(B) < 0,
and thus 2(0) =0,V 0 € [9 ,5] A contradiction. Therefore, 6,(1) = 6. For any
fecoandze(0,1], Ihavef G(0,2)do = ( J 6n(6)d6 -8 ffh(e)de)/H(é).
Letz" be minjee (6 [ h(0 9)/(f9 0h(6) d0). 1f = < 2°, [IG(0.2) db < 0
forany 6 € ©, and thus 0,(z) = ¢.m

0

PROOF OF PROPOSITION 2:
For some " in (w.(6), 1), L extend 5 to R in the following way:**
(B%)(0)w! if w! € (—o0, 0),
Bty = 4 g, ifw! € [0, w'],

Few!) + (B)whH(w! —wh), ifw! € (w', 00).
The function (3 is C', convex, and below 5 on [0, 1]. T then define a problem P

which differs from P in two aspects: (i) (10) is dropped, (ii) (9) is replaced with the
following:

(A2)  Onw'(0) — [, w'(0) db — Gn,w'(0) + w° — fw'(0)) > 0, VOO

Therefore, 7S is a relaxation of P. If the solution to 7? is admissible, it is also the
solution to P. Define the Lagrangian associated with P as

L(w', wP|A) = 6n,wh(®) — w°+ n, [, w'(0)G(60) db

+ j; (Gnawl(B) — Mg j; wl(é) df — 9n,w'(0) + w’ — B(W%G))) dA,

where A is the multiplier associated with (A2). Fixing a nondecreasing A, the
Lagrangianis aconcave functionalon @, because alltermsarelinearin (wl wo) except
f 0 — ( ) dA whichis concave in w!. Without loss of generality, I set A(@) 1.
Integratmg the Lagrangian by parts yields

(A3) L(w', w|A) = (8n,w'(©) — w)A®) + [ (n.w'(6) — B(w'(®))) dA

. [T WIOAG) - (1 - G(0))] db.

The following lemma provides a sufficient condition for (w w ) € ® to solve P.

23Such a w! exists because @ is finite and hence w, (5) is bounded away from 1.
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LEMMA 5 (Langrangian—Sulfficiency): A contract <W1, v_NVO) € ® solves P if (A2)

holds with equality and there exists a nondecreasing A such that i(Wl, @0|1~X)
> L(w', v_v0|A), V(Wl, mo) c .

PROOF:

I first introduce the problem studied in Luenberger (1997, Section 8.4, p. 220):
max,cy Q(x) subject to x € 2 and J(x) € P, where €2 is a subset of the vector space
X,0:9Q—RandJ:Q— Z where Z is a normed vector space, and P is a non-
empty positive cone in Z. To apply Theorem 1 in Luenberger (1997, p. 220), set

(A4)

X:{wl,v_vo\wl:®—>R and KOER}, Q =,

Z = {z|z: © — Rwith sup|z(#)| < oo}, withthenorm |[z| = sup|z(0)],
0O 0co

P ={z|zeZ and z(A) > 0, VOec O}

I let the objective in (OBJ) be Q and the left-hand side of (A2) be J. This result holds
because the hypotheses of Theorem 1 in Luenberger (1997, p. 220) are met. &

_ To apply Lemma 5 and show that (Wl, v_~v0) maximizes L (wl, w0|1~X) for some
A, T modify Lemma 1 in Luenberger (1997, p. 227) which concerns the maximiza-
tion of a concave functional in a convex cone. Note that ® is not a convex cone, so
Lemma 1 in Luenberger (1997, p. 227) does not apply directly in the current setting.

LEMMA 6 (First-Order Conditions): Let L be a concave functional on ), a
convex subset of a vector space X. Take X € ). Suppose that the Gateaux differ-
entials OL(X; x) and OL(X; x — X) exist for any x € Q and that OL(X; x — X)
= L(%; x) — L(%; %).>* A sufficient condition that X € Q maximizes L over ) is that
OL(x; x) <0, Vx € Qand OL(x; x) = 0.

PROOF:
Forx e Qand 0 < e < 1, the concavity of L implies that

L(X + e(x — X)) > L(¥) + e(L(x) — L(%))

= L(x) = L(%) < ¢ (L(E+ e(x = %)) = L(9).

24Let X be a vector space, Y a normed space, and D C X. Given a transformation 7 : D — Y, if for ¥ € D and
x € X the limit lim__ (T(% 4 ex) — T(X))/e exists, then it is called the Géteaux differential at ¥ with direction x and
is denoted OT(%; x). If the limit exists for each x € X, T is said to be Gateaux differentiable at x.



VOL. 106 NO. 8 GUO: DYNAMIC DELEGATION OF EXPERIMENTATION 2003

As € — 0+, the right-hand side of this equation tends toward OL(X; x — X).
Therefore, I obtain

L(x) — L(x) < OL(x; x —X) = OL(X; x) — OL(X; X).

Given that OL(x; ) = Oand OL(x; x) < 0 forall x € 2, the sign of IL(x; x — X)
is negative. Therefore, L(x) < L(x) forallx € Q. n

I next prove Proposition 2. To apply Lemma 6, I let X and €2 be the same as in
(A4). 1t follows from Lemma A.1 in Amador, Werning, and Angeletos (2006)—

hereafter, AWA—that 8£(w91p, v_vgp; wl, wO|A) and 8£<w91p, mgp; <w1, w()) —
(welp, mgp) ]A) exist for any (w L mo> € ®.73 The linearity condition is also satisfied:

OL(w,, whs (w', w®) — (wih, wh ) |A)
- 8£(Wﬁlp’ Egp; Wl’ EO‘A) a 8£(W9117’ &(o)p; W‘glp’ mgp‘A)'
So the hypotheses of Lemma 6 are met. The Gateaux differential at (walp, mgp) is
(AS) 0L (why i wh wO|A) = (87,w1(8) = w')A®) + o f (6 0,)w'(0) d

1 J) WHOIAO) — (1 - GO)] db. ¥(w', w) € @.

Next, I construct a nondecreasing multiplier A in a similar manner as in proposi-
tion 3in AWA. Let A(§) = 0,A(f) = 1 — G() for 6 € (6, 6,),and A(§) = 1 for
0e (Qp, 5]. The jump at 0 is upward since 1 — G(6) is nonnegative. The jump at 6,
is G(0,), which is nonnegative based on the definition of 6,. Therefore, A is nonde-
creasing. Substituting A into (A5) yields

OL((wg, wi; w', wO|A) = 1, fgzw‘(G)G(a) df

— f;;(ff G(0) dé) dw'(0),

where the last equality follows by integrating by parts. This Gateaux differential is
zero at (walp, ygp) and, by the definition of 6, it is nonpositive for all w! nonde-
creasing. It follows that the first-order conditions af,(w(}p, wgp; wl, v_v0|1~X <0
and 8£(w(}p, mgp; w(}p, mgp\]\) = 0 are satisfied for any (wl, yo) € ®. By
Lemma 6, (walp, ygp) maximizes ﬁ(wl, EO\ZX) over . By Lemma 5, (w(}p, v_vgp)

solves P. Because (w(}p, ygp) is admissible, it solves P.

25The observations made by Ambrus and Egorov (2013) do not apply to the results of AWA that my proof
relies on.
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PROOF OF PROPOSITION 3:

Let 6}, = ps/(1 —pr) be the odds ratio at which the agent is indifferent
between continuing and stopping. After operating R for 6 > 0 without success,
the agent of type 6 updates his odds ratio to fe~ - 9. referred to as his type at
time §. Let 5 = max {9 67 e 5} After a period of § with no success, only those
types above 5 remain. The principal’s updated belief about the agent’s type distri-
bution, in terms of his type at time 0, is given by

[r=p@)(1- )]0
30) =1 [, [1 = p)(1 - )] r0) a0

0, otherwise.

, if0e [0, 6],

Here, 1 — p(6) (l — e‘A](S) is the probability that no success occurs from time 0 to
¢ conditional on the agent’s type being 6 at time 0. The principal’s belief about the
agent’s type distribution, in terms of his type at time 9, is given by

#0) = {fg(GeAl‘s)eAl‘s, if 0 ¢ [Qée”l‘;, fe N9 ,
s —

0, otherwise.

I prove that continuing the cutoff rule is optimal by showing two things. First, given
/5 at time 0, the threshold of the pooling segment is 0, e X' . Second, if Assump-
tion 1 holds for 6 < 6, under f, it holds for 6 < 6,e M4 ynder fs- Given f;5 over

0 e [956 A e ‘S] I define h;, H;, Gj as follows:

h5(9> = {6—(’_9)9’ and H(g(e) = f;,)'e -\'s h(;(é) dé,
Hy(6e ") — Hy(®) (1, ho(6)
Gs(0) = . H(;(?e)‘ld)é + <77a 1>9[’I(5(§5€/\16).

Substituting f5(0) = f g(He’\]‘s)e’\]‘s into h5(60) and simplifying, I obtain

f(eew)ew

(17000 M €= [ =p@)(1 = %) 0) av.

hs(0) =

By simplifying and making a change of variables z = eWe, I obtain the following

Ge - 1 (7 f(z)
f&ii’»é( 0 — 77(1 p€ Ao 1 _|_ 9 = Ce)‘lé j;p (%Z - 7709[7) m dz.
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Therefore, if the threshold of the poohng segment given fis 0, then the threshold of
the pooling segment at time 4 is 0,¢ M The condltlon requlred by Assumption 1 is
that I — Gj;(6) is nondecreasing for 0 <40, ¢ The term 1 — Gj;(6) can be written
in terms of f(#) by making a change of Varlables z = e

(np I)Z lfgf)z]’

if Assumption 1 holds forall & < 6, givenf, it holds forall § < 91,6_’\15 given f5. B

e - L[ 12

PROOF OF LEMMA 4:

If pp > 0,p, > 0 (or p; < 0, p, < 0), the maximum in (5) is achieved by
the policy which directs the unit resource to R (or S). If p; > 0, p, < 0, the max-
imum is achieved by a lower-cutoff Markov policy which directs the unit resource
to R if the posterior is above the cutoff and to S if below (see Keller and Rady
2010). This cutoff belief, denoted by p*, is given by p*/(1 — p*) = a*/(1 + a*)*,

where a* is the positive root of equation r + A° — a*()\l — /\0) = )\O(AO/)\I)a
Let K(p) = max,.cr (p1, p2) - w. Then, K(p) equals zero, if the prior is below p*,

_ * a
and equals —p, (Ul]jra*)) /(a* + 1) + p; + p,, if above. It follows that the
P1 a

southeast boundary is characterized by ﬁse(wl) = 1—(1—whe, If
p1 < 0, p, > 0, the maximum is achieved by a upper-cutoff Markov policy which
directs the unit resource to R if the posterior is below the cutoff and to S if below
(see Keller and Rady 2015). Let p** denote this cutoff. The function K( p) is contin-
uous, convex, and nonincreasing in the prior |p;|/(|p;| + |p2|). Except for a kink
at p™*, K(p) is once continuously differentiable. Hence, the northwest boundary is
concave, nondecreasing, and once continuously differentiable, with the end points
being (0, 0) and (1, 1).m

PROOF OF PROPOSITION 5:

Suppose that a success occurs at time z. Before the success, the type distribu-
tion is denoted f,_. Without loss of generality, suppose that the support is [Q, 5].
Let Q(0, dr) be the probability that a success occurs in an infinitesimal interval

It.  + di) given type 0: Q(6, di) = p(0)(1 — ') + (1 = p(0)) (1 — e ).
Given a success at time ¢, the principal’s updated belief about the agent’s type distri-
bution, in terms of his type at time 7—, is

0) = lim ff—(e)Q(e’ dt) f-O]pON + (1L —pO)A]
l dl%of Ji—( 6, dt) db f fi_(0) p@))\l + (1 —p(@)))\o] 40

After the success, the agent of type @ updates his odds ratio to OA'/A°. Therefore,
the principal’s belief about the agent’s type distribution, in terms of his type at
time ¢, is
£6) = {f,*(w\o/)\l) NO/XL Q0 € [OAT/A0, BN /A,
(6) =

0, otherwise.
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Following the same argument as in subsection A, I can show that (i) if the thresh-
old of the pooling segment given f;_ is ¢, the threshold of the pooling segment
given f; is 0,\'/A\% (ii) if Assumption 1 holds for & < 6, given f,_, it holds for
6 < 6, /)\Oglvenﬁ

PROOF OF PROPOSITION 6:
By integrating the envelope condition U, (6) = n,w'(6), one obtains the stan-
dard integral condition

977an(9) - WO(H) = E%WI(E) - WO - jj 77an )

where w" stands for w0(§>. Substituting w’(6) and simplifying, I reduce the prob-
lem to finding a function w! : © — [0, 1] and a scalar " that solves

(OB1-S)  max (Bn.w'(8) — w0~ n, [ w01 - G(6) db).

wh wleds
subject to
(A6)  A<(w'(0)) < Onow'(0) + [ naw'(4) df — Gn,w'(9)
+wY Vvheo,
(A7) BW(O) = nw'®) + [ naw'(6) db — Fn,w'(0)
+w', Voeeo,

where @ = {Wl wlw!:© =10, 1],w' is nondecreasing, w° € [0, 1]} I
denote this problem by P*.

The contribution to (OBJ S) from types below 6}, is —1,, fe () (1 — G(0))do.

Substituting w'(6) = w'(# fe » dw' and integrating by parts, I obtain

(A8) —n, [, WO~ G(0) dO = —n,w'(8)) [, (1 - G(0))

o J,0J) (1= G(6)) ad aw' (o).

The first term depends only on wl(H;). The integrand of the second term,
QH (1 — G(Q)) df, is negative for all 0 ¢ [f, 0,]. Thus, it is optimal to set
dw'(0) = 0,V0 € [0, 65]. 1f 5 = 0, all types are pooled, and implement the prin-

cipal’s preferred uninformed bundle on I'**. If 65 < 6, f;i’ (1 —G(0)) db equals
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zero. Adjusting w'(63) does not affect (A8), so w'(63) can be decreased until either
(A6) or (A7) binds. B

PROOF OF PROPOSITION 7:
I define a problem P’ which differs from P* in two aspects: (i) (A7) is dropped,
and (ii) (A6) is replaced with the following:

Onow'(0) + |7 now!(8) 46 — T, w'(8) + w° — B(w'(9) = 0, voce.
Define the Lagrangian associated with P’ as
£ (w!, w0 A) = Gn.w'(8) — w° — n. fj w'(0)(1 — G(6)) db

T ff("% ) + f naw'(0) db — 0, w'(0) + w° — B(wl(e))) dA.

Based on Lemma 5 and 6, it suffices to construct a nondecreasing A
such that the first-order conditions aff‘(w;;;, ngs); wl, WO\A) < 0 and
oL’ (W"li%’ ngs); wel;;, WS;}\A) = 0 are satisfied for any (w!, w°) € ®*. Let
A() = 0 for O [0.0;). A(6) = 1—G(6) for 0 € [05, 0), and A(0) =
The jump at ¢, is nonnegative according to the definition of 6. The jump at 6 is
nonnegative because 1 — G(0) < 1 for all §. If 1 — G(6) is nondecreasing for
0e [91,, 5], A(0) is nondecreasing. B
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